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ABSTRACT: We discuss twistor-like interpretation of the Sp(8) invariant formulation of 4d
massless fields in ten dimensional Lagrangian Grassmannian Sp(8)/P which is the gener-
alized space-time in this framework. The correspondence space C is SpH(8)/PH where
SpH (8) is the semidirect product of Sp(8) with Heisenberg group Hj; and PH is some
quasiparabolic subgroup of SpH(8). Spaces of functions on Sp(8)/P and SpH(8)/PH
consist of @p closed functions on Sp(8) and Qpp closed functions on SpH (8), where Qp
and @ pp are canonical BRST operators of P and PH. The space of functions on the gen-
eralized twistor space T identifies with the SpH (8) Fock module. Although T cannot be
realized as a homogeneous space, we find a nonstandard SpH (8) invariant BRST operator
Q (Q? = 0) that gives rise to an appropriate class of functions via the condition Qf = 0
equivalent to the unfolded higher-spin equations. The proposed construction is manifestly
Sp(8) invariant, globally defined and coordinate independent. Its Minkowski analogue gives
a version of twistor theory with both types of chiral spinors treated on equal footing. The
extensions to the higher rank case with several Heisenberg groups and to the complex case
are considered. A relation with Riemann theta functions, that are Q-closed, is discussed.
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1 Introduction

In [1] Fronsdal suggested that a set of massless fields of all spins in the four dimensional
space should possess a natural description in the Sp(8) invariant ten dimensional La-
grangian Grassmannian Sp(8|R)/P described by the diagram e——e——e—===x, that
results from crossing out the right node of the Dynkin diagram of Sp(8) thus indicating
which parabolic subgroup of Sp(8) should be chosen in the quotient space construction [2].
The big cell of CMy; = Sp(2M|R)/P we denote M for any M. Local coordinates of
M are real symmetric matrices XA% = XBA4 (A, B,... =1,... M). The conclusion that
4d massless fields can be described in My was also reached in [3].

The dynamical equations in M, that for M = 4 are equivalent to the field equations
for massless fields of all spins in the four dimensional Minkowski space, were obtained in [4]
by using so-called unfolded formulation of the massless field equations [5-8]

) 02
<8XAB +“aYAaYB> CY|X)=0, (1.1)



where Y4 were treated as auxiliary commuting variables and y is an arbitrary non-zero
parameter introduced for future convenience. It should be stressed that the infinite systems
of 4d massless fields of all spins s = 0,1,2,... and s = 1/2,3/2,... described by (1.1) are
particularly interesting as constituting fundamental multiplets of fields that appear in the
4d nonlinear theories of higher-spin massless fields (see [9] and references therein).

The equations (1.1) express the first derivatives with respect to space-time coordinates
XAB in terms of the fields themselves. As such, they belong to the class of unfolded
partial differential equations that, more generally, express the exterior differential of a set
of differential forms in terms of exterior products of the differential forms themselves (for
more detail see section 8). Such a first-order form of dynamical field equations can always
be achieved by introducing a (may be infinite) set of auxiliary fields which parametrize
all combinations of derivatives of the dynamical fields that remain unrestricted by the
field equations.

For example, in the system (1.1), the dynamical fields are

b(X) =C(0]X) (1.2)
and 5
X)=—CY|X . 1.
falX) = 5= CIX)| (1.3)
As a consequence of (1.1), they satisfy, respectively, the equations
0? 0?
(aXABaXCD - 3XAC(3XBD> b(X) =0 (1.4)
and
0 0
WfC(X) - 8X—ACfB(X) =0. (1.5)
All the fields an
CAl.._An(X) = mC(YLX) Y:(], n>1 (16)

are auxiliary, being expressed via higher X-derivatives of the dynamical fields by virtue
of the equations (1.1). In [4] it was shown that the equations (1.4) and (1.5) along with
constraints that express the auxiliary fields via X-derivatives of the dynamical fields ex-
haust the content of the unfolded system (1.1). That the equations (1.1) formulated in the
ten dimensional space-time still describe massless fields in four dimensions was also shown
in [4] using the unfolded dynamics approach.

The description of infinite towers of 4d massless fields in M ; is compact, efficient and
have a number of remarkable properties. The related issues have been studied in a number
of papers [10-22]. In our recent paper [22] the form of the unfolded field equations for con-
served higher-spin currents was worked out. In particular, it was shown that the consistent
formulation of currents requires extension of the equations (1.1) to complex coordinates

2ZAB — XxAB 1 XAB = Re 248 4 jIm 248, (1.7)
VA=Y24iY4 =ReY? +iIm YA, (1.8)



The real part of ZAB

is identified with coordinates of the ten-dimensioned generalized
space-time X4P that contain in particular Minkowski coordinates. The imaginary part
XAB = Im 248 is required to be positive definite and was treated in [10] as a regulator
that makes the Gaussian integrals well-defined (i.e., physical quantities are obtained in the
limit X4B — 0; note, that the complex coordinates Z4Z of [10] are related to Z48 via
ZAB — i?AB). The space of coordinates Z4P forms the upper Siegel half-space 9/ [23—-
25]. Evidently, _z4P € 9 provided that Z48 € §,,, and vice versa.

In [22] it was shown that complex conjugated holomorphic and antiholomorphic in $;;

solutions of the complexified equations (1.1) with p = +ih

0 , 0?
(55 + thagemgm ) 1 12) = 0. )
0 0? s
0Z oy oy

<C+(y |1Z)=C" (§|§)) describe positive- and negative-frequency solutions of the massless
field equations. It should be noted that $j; is a Sp(2M) invariant homogeneous space
Sp(2M|R)/U(M) [24]. A closely related intriguing and, most likely, important observation

is that solutions of the positive-frequency unfolded equations (1.9) with h = yp include
T

Riemann theta-function [22]

CT(V|2) = Z expi(mZ48n np + 2mne ), (1.11)

nAezM

which is the D-function for the subclass of solutions periodic in the auxiliary variables Y.
Indeed, Riemann theta-function is defined in the upper Siegel half-space 9, and Sp(2M |Z)
plays the fundamental role in its theory [24, 25]. This observation raises the question of the
geometric interpretation of the variables Y4 on the same footing as Z45. This question
drives us immediately to the twistor theory [2, 26, 27] (also see [28] and references therein
for its applications in N = 4 Yang-Mills and string theory). One of the aims of this paper
is to clarify the Sp(2M) invariant twistor construction which in some important detail
differs from the standard SU(2,2) (i.e., 4d conformal) setup [26, 27], that corresponds to
the case of M = 4. More generally, the original motivation for this work was to elaborate a
coordinate independent global description of massless fields in Lagrangian Grassmannian.

In fact it is a folklore statement that there should be a deep relation between unfolded
dynamics and twistor theory, which, to the best of our knowledge, has been never clearly
spelled out so far. In this paper we discuss this correspondence in some more detail.

Indeed, in the problem of interest, it is self-suggestive that the variables Y (or y) are
analogous to the twistor coordinates in the usual twistor theory. XAB (ZAB ) are coor-
dinates of generalized (complexified) Minkowski space Mps ($rr). Together, (XAB y4)

<(ZAB ,yA)) are local coordinates of the correspondence space C. The unfolded field

equation should encode the integral Penrose transform. Indeed, generic solution of (1.1)



can locally be given in the form [4]

82

where the “initial data” C(Y'|0) is an arbitrary function of M variables Y. Then, generic
solution of massless field equations (1.4) and (1.5) is determined by an arbitrary (un-
restricted) function C(Y|0) on the twistor space T with local coordinates Y according
to (1.2) and (1.3). These steps should provide a Sp(2M) realization of a version of Penrose
transform, expressed by the diagram

(1.13)

where M = Sp(2M)/P .
There is however important difference with the standard twistor description of massless
fields in usual (compactified) Minkowski space. Indeed, the reduction of the equation (1.1)

to Minkowski space is
2

(aono/ +’u'ayaago/

) C(y|X) =0, (1.14)

where a,3...1,2 and o/, 3 ...1,2 are two-component indices with the convention that
A= (a,0/)and YA = (y,5*). Apart from expressing auxiliary fields (i.e., those depended
both on y“ and ﬂo‘/) in terms of space-time derivatives of the (anti)holomorphic fields, the

equation (1.14) imposes the massless field equations on the latter

0 0 0 0

———C(y,0|X) =0 ——C(0,y|X) =0 1.15
G E AR CWOX) =0, e L C0,1X) (1.15)

and

0C(0,0/X) = 0. (1.16)

The equation (1.14) is transformed to the first-order equation by a half-Fourier trans-

form with respect to go/ such that

W — iﬂa/ . (117)

In these terms the equation (1.14) for the Fourier transformed field C (y, m|X) takes the form

0 J\ ~
<8X‘m' +7Ta/aya> Cy,m|X) =0 (1.18)

with the appropriate choice of u.



Since
CloglX) = [ @r explimas™)Cly.nlX)
from (1.12) one has
Cy,y|X) = /d27r exp(ma/ga/)exp <—i,uXaﬁ/8;;a7rﬁ/> C(y,n|0) = (1.19)

- /d27T exp(imo 5 )C(y* — inX* g, 7/0).

At y = § = 0 this formula reproduces the nonprojective version of the Penrose formula for
massless fields [26].
Since the Fourier transformed equation (1.18) is of first-order it can be interpreted as
the condition
JC =0 (1.20)

for some vector field J on functions on the correspondence space. This effectively reduces
functions on the correspondence space to those on the twistor space. The Fourier trans-
form (1.17) distinguishes between primed and unprimed spinors in the twistor construction.
Although somewhat ugly, this is standard in twistor theory. In the case of sp(8) invariant
equations this trick it is not possible. Indeed, even after a half-Fourier transform at least
0? 0?

or —.
Oyedys — Oy~ oyl
Another important difference between the Sp(8) invariant construction of infinite sets

some of the unfolded equations in M s contain second Y -derivatives,

of higher-spin fields and the standard one used for particular massless fields is that in
the latter case the helicity group U(1) C Sp(8) distinguishes between different massless
fields (i.e., spins). The helicity generator is

0 ;0

—Q

M Y

(1.21)

The centralizer of H in sp(8) is u(2,2) = su(2,2) @ u(l), where u(1) is generated by H.
Fields associated to a given spin have definite homogeneity

HOY) = +25C(Y). (1.22)

This means that the true coordinates appropriate for the description of a massless field of
definite helicity are of the projective space invariant under the action of H

y* — exp(ig)y”, 7% — exp(—ig)g” (1.23)

equivalent to
y* — exp(io)y®, oy — exXp(id) Ty . (1.24)
In the case where all fields are involved, the condition (1.22) has to be relaxed. As a

result, (y*, 7)) become local (not homogeneous) coordinates of the appropriate twistor
space, as was realized by many authors (see e.g. [3]). This has two different consequences.



The relevant symmetry group G becomes not reductive and the twistor space becomes
noncompact. Simultaneously, the system becomes Sp(8) rather than SU(2,2) symmetric.

In this paper we suggest a geometric realization of the diagram (1.13), that underlies
the Sp(8) invariant systems, as well as their Sp(2M) generalizations. The appropriate
construction results from the coset space SpH (2M)/P. Here SpH is a semidirect product
of Sp(2M) with the Heisenberg group Hj; with 2M noncentral elements (i.e., M pairs of
oscillators). As such it is not reductive. P is some quasiparabolic subgroup of SpH (2M).

To achieve a coordinate independent description we find it convenient to use the
BRST language. Namely, the quotient space can be effectively described by the invari-
ance condition

Qpf=0, (1.25)

where (Qp is the canonical BRST operator of the group P. Indeed, for O-forms f this
condition implies that f is constant on any orbit of P, i.e., it is a function on SpH (2M)/P.
Since @Qp is built from right vector fields of P on SpH(2M), it is globally defined on
SpH(2M). The key observation is that, in the local coordinates X% and Y4, the first
term in eq. (1.1) can be interpreted as the remaining right vector field Jap on Sp(2M)
while the second terms amounts to the bilinear combination J4Jp of the remaining vector
fields on the Heisenberg group. We therefore look for a BRST operator Q constructed in
terms of SpH (2M) right Lie vector fields such that Q% = 0 and the condition Qf = 0 gives
an extension of the equation (1.1) to SpH (2M). The construction of this BRST operator
is the main result of this paper, which provides in particular the global description of
the system.

The rest of the paper is organized as follows. We start in section 2 by recalling the
construction of Lagrangian Grassmannian as a quotient space. In subsections 2.1 and 2.2,
we consider, respectively, the real and complex cases. In subsection 2.2, the realization of
the complex Siegel space as an Sp(2M |R) orbit in the complex Lagrangian Grassmannian is
discussed. In subsection 2.3, we recall the definition of real and complex Heisenberg group
and introduce higher rank Heisenberg extensions of Sp(2M|R) and Sp(2M|C) as well as
higher rank Fock-Siegel spaces. In section 3, we recall some elementary facts on BRST
operators. In section 4, higher rank nonstandard SpH (2M) invariant BRST operators Q,
are introduced. In section 5, right invariant vector fields on SpH,(2M) are presented. In
section 6, the higher-spin unfolded equations are obtained from Q;f = 0. Analogously, in
section 7, the higher-spin current equations are obtained from Qs f = 0.

2 Homogeneous manifolds

2.1 Real Lagrangian Grassmannian

Let us recall the quotient space construction of Lagrangian Grassmannian. The group
Sp(2M|R) is constituted by real matrices

aAB bAD
G- ( D) 2



with M x M blocks a5, bAB, caB, d4P that satisfy the relations
atcbPC —aP b =0, adcdg® — v Cp0 =845, cpoda® — cacds® =0 (2.2)

equivalent to the invariance condition AJA! = J for the symplectic form

0 Ip
J = 2.3
( ICD 0 ) 5 ( )

where I is the unit M x M matrix and A’ is a transposed matrix. Note, that from (2.2) it

follows that
G—l _ alAB b/AD _ dBA _bDA (2 4)
S\ depdc? )\ —cge dPc )’ .

Sp(2M|R) contains the following important subgroups. The Abelian subgroup of trans-

HX) = <é f) (2.5)

with various X48 = X B4, The product law in T is t(X)t(Y) = t(X +Y).

Analogously, the Abelian subgroup S of special conformal transformations is consti-
tuted by the matrices (2.1) with a = d = I, b = 0. The subgroup GL(M) of generalized
Lorentz transformations SL(M) and dilatations consists of the matrices (2.1) withb = ¢ =0
and aPods ¢ = 55.

The parabolic subgroup P(R) of Sp(2M |R) relevant to our consideration is the closure

of S and GL(M), i.e.,
P9p2<a0>. (2.6)
cd

It is a maximal parabolic subgroup. In notations of [2] it is depicted by the diagram
—e . ————=x that results from crossing out the right node of the Dynkin
diagram of Sp(2M |R).

Lagrangian Grassmannian CM s is the homogeneous space

lations T consists of the elements

CMy = Sp(2M[R)/P(R),

i.e., it is constituted by the elements h € Sp(2M|R) identified modulo the right action
of P(R)
h~hy =hp, h € Sp2M|R), pe PR).

Any G € Sp(2M|R) with nondegenerate d (2.1) can be represented in the form

aAB bAC - 5AE' XAF -AEG 0 6GB 0 (2 7)
cpp dp® | 0 opF 0 Dpft Cup ou® )" '



This gives

DpYCan Dp©

aAB bAC - AAB +XAFDFGCG’B XAFDFC
cpp dp© ’

where
Alp = (dHp?t, XAP =pA9APq, Cpa=ccpA®a (2.8)

can be chosen as local coordinates on Sp(2M|R), where XBA = XAB and Cga =Cap by

virtue of the identities
—cpad ' +epod AP =0, —bAPa Y+ PdT gt =0,

which follow from (2.2) and (2.4). Note that Da® = d4”.
The big cell My of CMj; consists of the classes represented by elements t(X) of the
group of translations T. Sp(2M|R) acts in M; by the M&bius transformation

AB

X'=(AX +B)(CX + D)™t | (CD

> € Sp(2M|R). (2.9)

By virtue of (2.7) any element (2.1) of Sp(2M|R) with det|d” 5| # 0 belongs to some
equivalence class associated to a point of M. From (2.2), (2.6) it follows that d is non-
degenerate for any p € P(R). As a result, the rank of the block d of a given element
g € Sp(2M|R) (2.1) is the same for all gP. Let rank(g) = rank |d| Yg € CMys. rank(g)

characterizes different types of equivalence classes, i.e., different subsets of the compactified
space-time CM ;. Those with rank(g) < M correspond to generalized conformal infinity.

2.2 Complex Lagrangian Grassmannian and Siegel space

Complex Lagrangian Grassmannian CM$,; = Sp(2M|C)/P(C) results from the analogous
construction for Sp(2M|C) and its complex parabolic subgroup P(C). Local coordinates of
CM§; will be denoted by Z. The Sp(2M|C) Mébius transformation has the same form (2.9)

7' =(AZ + B)(CZ + D)™ !, <g ﬁ) € Sp(2M|C). (2.10)

Being invariant under Sp(2M|R) C Sp(2M|C), CM§, is not Sp(2M|R) homogeneous,
containing different orbits.
The following three orbits of Sp(2M |R) are of most interest for us:

I CMyy.

I1. The upper Siegel half-space Hs [23] of matrices 247 with positive definite Im Z45.

III. The lower Siegel half-space $;~ of matrices Z48 with negative definite Im Z45.

Note, that both $; and $H,~ can be realized as Sp(2M|R)/U(M) [23-25].



2.3 Heisenberg extension

The (2M + 1)—dimensional Heisenberg group Hy = RM x RM x R! constituted by
F={f,u} f=9* wp A, B=1,....M (2.11)
has the product law
FroFo={f1+£2, us +uz — (f1, £2)},
where (, ) is the symplectic form
(f1, £2) = ™ wou — o wia = —(£2, £1), A=1,... M. (2.12)
The Heisenberg group Hjs(R) contains two quasiparabolic subgroups H]j\[/[(R)
H ={0,wa,u}, H" ={y* 0, u}. (2.13)

The respective quotient spaces Hys /HT are RT ~ RM. Note that the appropriate spaces of
functions on R* form Fock spaces. Complexification of this construction is straightforward,
Hy(C) =CM x CM x C!, etc.

Sp(2M|R) <Sp(2M|(C)) acts canonically on Hys <HM((C)) which is the manifestation
of the standard fact that Sp(2M) possesses the oscillator realization (see e.g. [29]). This
makes it possible to introduce a semi-direct product SpH (2M) = Sp(2M) K Hpy

SpH(2M) : G ={G, F}, G eSp(2M), F={f,u}e Hy (2.14)
with the product law
G10Gy ={G1G2, 1 + Gifa, ur + uz — (f1,G1f2)},

where (, ) is the symplectic form (2.12) and

A pAD B A B | pAD
a’p b Y a’py” + b wp N
Gf = — s G & S 2M 5 f = , W (= H X

< cep de” )(wD> <CCByB + chwD> p(2M) (v, wp) € Hu

Analogously, over any field A and for any natural r we introduce a rank r Heisenberg
extensions SpH, (2M|A) as

SpH, (2M|A) = Sp(2M|A) & Hyp(A) x -+ x Hyp(A). (2.15)

T

Note, that SpH(2M) = SpH (2M). When it does not lead to misunderstandings, we will
use shorthand notation like SpH instead of SpH (2M|R) or SpH (2M|C) and PH instead
of PH(2M|R) or PH(2M|C) etc.

Consider the lower quasiparabolic subgroup PH(2M|R) = P « H~ C SpH(2M|R)

pip 0
PH(2M|R): D aoapAap .
pcB pc



Local coordinates on SpH/PH can be chosen as
XAB - yA — A wpXAB, (2.16)

Analogously we define SpH,/PH, with local coordinates X4 and Y14,...,V;4, and
their complexifications with local coordinates ZA8 and J14,.... 0,4

The orbit of Sp(2M|R) in SpH(2M|C)/PH (2M|C) with positive definite Im Z4P is
the upper Fock-Siegel space CM x §,; introduced in [22]. The orbit with negative definite
Im Z48 is the lower Fock-Siegel space CM x },. Consider a space U of functions! C(G) on
SpH/PH valued in a one dimensional PH (2M |R)-module V. Following standard induced

module construction, require
C(GoP)= det“’(pAB) exp <—i%hp> C(9), G e SpH/PH, P € PH, (2.17)

where the generalized conformal weight v and Plank constant A are arbitrary parameters
that characterize V. The space U forms a left SpH (2M|R)-module with the transforma-
tion law

C(G)—Ca(G)=C(GoG), G e SpH(2MR).
In local coordinates X, Y (2.16) for G of the form (2.1) one obtains,

1
Co(Y]X) = det 7|eX + d] exp (—;’hw AyBCAB) Xy, (218)

where

X' =@X +b)(cX+d ', Y =(X+d Y.

1
For v = 2 (2.18) is the Sp(2M) transformation law for solutions of the equations (1.1)
7
be possible to impose the equation (1.1) in a manifestly Sp(2M )—invariant and coordinate

with g = 5%, infinitesimal form of which was obtained in [10]. This suggests that it should

independent way. This will be achieved in section 4 using BRST technics.

Analogously, the space of complex functions f(G) on the upper Fock-Siegel space CM x
Sy C SpH(2M|C)/PH (2M|C) valued in a one dimensional PH (2M |C) module subjected
to (2.17) forms a SpH (2M )-module under the group action (2.18). For G € Sp(2M|R) of
the form (2.1) one obtains in local coordinates Z, )

Ca(2) = C(V|2') det 7|cZ + d] exp (—%w’ AyBcAB> , (2.19)
where
Z'=(@Z+b)(cZ+a)t, YV =(Z+d) Y. (2.20)

This formula with v = % is in agrement with the fact that Riemann theta functions solve

the complexified unfolded higher-spin field equations (1.1) with p = 4L
s

!Using this abused terminology to simplify the presentation, we assume that functions should be sub-
stituted by appropriate sections of fiber bundles whenever necessary.

,10,



3 Canonical BRST operator

Any Lie group G possesses two mutually commuting sets of left and right Lie vector fields
Jb and J, (B, A=1,2,...,dimG), each forming Lie algebra g of G

(. Jp) = fa®Jp, T4, J5l = fas®JIp. (T4, Jg]=0.

Let I'y be a subset of J; that corresponds to some subgroup B C G. The space of functions
on G/B identifies with the space of functions on G that satisfy

IMF(G) = 0. (3.1)

The algebra Lie g acts on solutions of (3.1) by the left Lie vector fields J b.
An important extension of (3.1) to the induced modules construction is

(4 +Ta)F(G)=0, (3.2)

where F(G) is valued in some B-module V' and T4 provide a representation of the Lie
algebra b of Bon V,

(T4, Ts) = fas“Tc, [Jg,Tal =0, [Jh,Ta] =0. (3.3)

In what follows we will be interested in the particular case of this construction with a one
dimensional B-module V. In this case, F/(G) is still valued in R or C and T4 is given by
some constants associated to central elements of the grade zero part of b.

A useful way to impose the condition (3.2) is by introducing a canonical BRST
(Chevalley-Eilenberg) operator

1
Q=ML+ Ta) - 5o fas”,  Q*=0, (3.4)
where the ghosts ¢ and b4 obey the Clifford anticommutation relations
{c g} =05,  {c".P}=0,  {ba.bp}=0. (3.5)

The equation (3.2) results from the restriction to the sector of c-independent F(G) of
the condition

QF(G’ C) =0, (3.6)

where by is realized as 5
ba = DA (3.7)
The BRST construction provides the extension of the equation (3.2) to the case of F(G,c)
that belongs to the Clifford-Fock module generated from the vacuum that satisfies b|0) =
0. This extension is expected to have useful applications in the context of the so-called o_
cohomology in the unfolded dynamics approach [30] (see also [4, 15] and [31] for a review)
as well as for the analysis of conserved charges by BRST methods.
The standard twistor theory diagram relates three objects: the correspondence space
C, space-time M and twistor space T. In the standard twistor theory all of them are

— 11 —



homogeneous spaces. In the model of interest this is not quite the case. Although the
spaces C and M indeed allow the quotient space realization with

C = SpH(2M|C)/PH(C), M =CM§S, = SpH(2M|C)/(P(C) & Hy(C)), (3.8)

this is not so for the twistor space T that should have Y4 as local coordinates. Indeed, it
is not hard to see that no appropriate Sp(2M) homogeneous space with local coordinates
Y4 exists. The point is that the realization of Sp(2M) on functions of the coordinates Y4,
that can be read of the equation (1.1) is given by a second-order differential operator that
cannot result from a first-order vector field. It turns out however that appropriate spaces
of functions on all three spaces C, M and T can be described by the BRST conditions
Qf = 0. In the cases of C and M the Qpy and Qpx s are canonical for the groups PH
and P & H)yy, respectively.
Namely, according to (3.4),

Qprr = A (JPA+7084) + capJ B + c(J —v) + caJ? (3.9)
—|—cABchb(;; — QCABcAchC — cABcBbA ,

where

JAg, JAB JAB, JA Ja, J (3.10)

are the right vector fields of SpH, while constants v and - characterize the induced PH-
module in question. The operator Qpx is

QrzHn = CAB(JBA +~68 1) + capJ AP 4+ cJ + caJA + Ay (3.11)

—|—cABchbg - 2cABcACbBC - cABcBbA + cAcAb + CABcAbB + cABcAbB.
The both are nilpotent,
Qbsn =Qby =0,

as a consequence of the (anti)commutation relations

[JAg,JE] = 0G4 — 69,
[T, TP = 6547 + 65J4€,
[JAp, Jog] = —68JpE — 68 JpC, (3.12)
[Jag, ) = 65T 5+ 0508 4 + 65T 5 + 65JC 4,
[JA5, ¢ = 6§04, [JAB,Jc] = =643,
(Jap,JC] = 0504+ 05T,  [JAB Jo) = —6BJA - 685, (3.13)
[Ja,JP) = 65T
and
(4P b} = (6808 +5208), {ea 4P} = 26505 + 05a%)
{cA5, 0%} = 6405, {cA be} =08, {ea by =08, {c,b}=1.

(Other (anti)commutation relations are zero.)
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4 Nonstandard BRST operator

The main observation of this paper is that there exists a nonstandard BRST operator Q
that is built from the right Lie vector fields and supplements the quotient conditions (3.6)
with the equations (1.1). Since left Lie vector fields commute to the right ones, the resulting
equations are manifestly invariant under the left action of g at any point of G. Hence this
construction is G invariant and coordinate independent.

Q has the form

Q=Qprn+AQ. (4.1)

Here Qpy is the standard BRST operator (3.9) of the parabolic subalgebra which reduces
SpH to the correspondence space. The additional part

AQ = CAB(JAB —V_lJAJB)+2CABCBCbAC—4cABcBCbCA—21/_1CABCABb + (4.2)

+2V*10ABcBbJA —4V*ICACCCBcAbbB+4yfchCcBAbAJC —4ufchCcBAcCEbEbA.

takes care of the coordinates X“4B, ensuring that the space T has local coordinates Y4.
The main result of this paper is that Q? = 0 provided that the generalized conformal
weight is

. (43)

To explain our construction, let us first consider the compatibility of the conditions
P4f = 0 for the set of operators

Py :PAg=J%8+~64g, PAB=JAB PpPA—JA P=J—v, Pig=Jap+rJaJp,(4.4)

where v, v and k are free parameters to be determined. Namely, we demand that the
operators Py (4.4) form a “closed algebra”

[Pa, Ps] = ¢S5 e (4.5)

with some “structure functions” qﬁg that may depend on the vector fields J.
Using (3.12) and (3.13) it is easy to see that the only commutation relations that do
not obey (4.5) for generic values of the parameters v, v and k are

[Pag, P¢] = k(65T +05J4) (k" + v+ P),

[Pag, PPY) = 60 Ppt + 68 PAY + 64 PpP + 65PAP — k(68657 + 68641 P
+1(00 TpPT + 68 I, PY + 64 Jp PP + 657, PP)
— (27 + k) (6505Y 4+ 655,47

Hence, P4 obey (4.5) at the condition (4.3) along with
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In this case, the nonzero commutation relations between P4 take the form
[Pap, PPY) = 60 Pgt + 68 PyF + 65 PpP + 65PsP + v 1 (606" + 6864 P
—v 6B Tp + 6B TP — v (68 Tp + 65J4) PP,

P D) = 0500 30,
[ B PCE] _ 5CPAE' 5E'PAC
[Pap, PPc] = 65 Ppc + 65 Pac (4.7)
[Pap, P€) = —v (895 + 65J4)P,
| =

[PAg, PP] = 5§PA

Since some of the right hand sides of the relations (4.7) contain products of J and
P, that do not commute according to (4.4), (3.12) and (3.13), the relations (4.7) form a
nonlinear algebra. Naively, one might think that v~! is a deformation parameter, which
describes the nonlinear algebra (4.7) as a deformation of a Lie algebra at v—! = 0. This is
not true, however, because of the relation

[Ja, PP] = 85(P +v),

that has to be used in the consistency check. The terms, that differ the relations (4.7) from
a Lie algebra, include all v-dependent terms along with the v-independent right-hand side
of the last of the relations (4.7). On the other hand, at »~! = 0, the operators P4 g, PAB,
Psp and P form a Lie algebra sp(2M) @ w(1). This implies that the BRST operator

o = PP 4+ cAPPop + cap PP 4 P + (4.8)
+c BchbA — 2c BcAchC + 2cABcBCbAC — 4cABcBCbCA

squares to zero at v~! = 0, which observation simplifies the computation of Q?

sketched below.
That Py satisfy (4.5) allows us to look for a nilpotent operator of the form

Q=c"Py—= Z S g ()M A b, b, (4.9)
n>0
where gbi 5 are the “structure functions” of (4.5). The higher structure functions that enter
the terms of higher orders in ghost fields can appear in the case of field-dependent (bng
as was first found in the Hamiltonian analysis of supergravity [32]. A general analysis for
classical Hamiltonian systems was given in [33]. The extension to the quantum case of
associative algebras, which is of interest for us here, was considered in [34].
The Jacobi identity expresses the identity [Qo, Qg] =0 for Qy = ¢*Py4. In the case of
a field-dependent structure function gbfw it has the form

<cAchC [P, ¢R5] + cAchC(biB qﬁgg)Pp =0. (4.10)

Differently from the case of constant ¢, the condition (4.10) does not imply that the
expression in brackets is zero. Instead, it imposes a weaker condition

cABE ([Pc , 098] + dGs 0be + 20050 Pe + ¢§g0¢25> =0, (4.11)
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where gbz%c = —qﬁiléc are some new structure coefficients that, in turn, should be deter-
mined from (4.11). Indeed, one can see that (4.10) follows from (4.11). Provided that (4.10)
is true, the operator

Q=C0Qo+Q1+Q2,

where
1 1
Qo=c"Pa,  Qu=—5c"Ppbe, Q2= —5c AP hgebbr,

is nilpotent up to the terms Q? = O(c*b?) . Generally, these terms are compensated by the
terms with higher structure coefficients in (4.9). Fortunately, in the case of interest, the
terms of higher orders in ¢ and b in Q (4.9) are not needed because the c*b*-type terms
cancel out.

To check nilpotency of Q, one starts with Qo + Q1 that accounts for all terms linear

and quadratic in ¢4

Qo+ Q1 :Qsp—i—cAPA — CABcBbA—21/710ABCABb—|—41/710ACcABbBJC+2V716ABcBbJA,

where Qg is given in (4.8). Taking into account that Qgp only contains terms that are zero
at v~ =0, it is not hard to obtain

(Qo+ Q1)? = w teapeC (—cobPP — 2c0pb” PP + ccb? P) .
These terms are cancelled by
Qo = —41/71(CABCBCcAbbC + cACcAEcCBbEbB) .

Namely,
{Qo+Q1, Qo} = —(Qo+Q1)?,

and

(Q2)2 = (47/)_QCDECDFCFACABCBCbEbe =0

because the tensor Fro = cppcPtep acAB cpe is symmetric in the indices E and C.

Let us comment on the relation of our construction with the BRST operators that
follow from the constraint algebra of twistor particle models considered for example in [3,
4, 35-37]. Roughly speaking, the latter correspond to the first term of the operator (4.2)
i.e., to those terms that only contain the ghost ¢Z. The extension to its Heisenberg algebra
counterpart was discussed in [38]. Reductions of Q of this type trivially square to zero.
Usually such operators are given in particular coordinates like X4Z and YA, The operator
Q constructed in this paper extends this construction in two important respects. Firstly,
it extends the construction to full Sp(2M). This in particular determines the generalized
Sp(2M) conformal weight v of the massless fields in Mj;. Secondly, it is formulated in
a coordinate-independent way and is globally defined thus giving rise to the coordinate
independent version of Sp(2M) invariant unfolded equations (1.1). Indeed, to work in any
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coordinate system it suffices to substitute the corresponding expressions for the right Lie
vector fields into Q.

Otherwise the proposed BRST operator differs from most versions of the BRST con-
structions used in higher-spin theory (see e.g. [39-45] and references therein). In our
approach, we do not introduce ad hoc any auxiliary space and constraints to guess a BRST
operator that gives rise to appropriate dynamics, working directly in terms of the symme-
try group and its Lie vector fields, that makes the setting manifestly symmetric, coordinate
independent and globally defined. Let us stress that it is impossible to introduce a defor-
mation parameter into Q to treat it as a deformation of a BRST operator associated to
some Lie algebra. (Note that there is some similarity with the BRST description of higher
spins in AdS background [40], where however, the BRST operator is a deformation of the
standard one in Minkowski space.)

The generalization of Q (4.1) to the case of the rank r quasiparabolic subgroup
P & Hpy™ x -+ x Hy~ s straightforward

s

T
Q. = PB4+ capPAP + APPyp + Z (c;P; + CjAPjA)
j=1
—|—cABcBCbAq — QCABcAchC + QCABchbAC - 4cABcBCbCA

T T
— Z cABchbjA + ZV;I <2CABCABbj—|—2CABCijijA + 4CABcAcbjCJjB
j=1 J=1

AB C AB Cy E
—4c CBchAbjbj —4c CACCBEbj bj >,

where
Py: Pl =J'%+r0%, PPP=JPB PA=Jr P=J-u
s
Pap = Jap+ Y _kiJiadip (4.12)
=1
and
_ T
ki = —u 1, =g (4.13)

Nonzero anticommutation relations of the Clifford ghosts are
{c;" bup} =050k, {cja, b} =056k, {cj . bu} =ik

One can make sure that (Qr)2 = 0. Indeed, using that [J; 3, JjD] =0at ¢ # j, it is easy
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to see that operators (4.12) form a “closed algebra” with nonzero commutation relations
(P45, PCp] = 65 Py — 6P 5,
[PAB ,PCE] — (SEPAE + 55PAC,
[Pap, PPF] = 65 Pp" + 65 Pa" + 65 Ps” + 65PA" +> vy ' Py(65 05" + 6564")
J

[Pap, PPc] = 5APBC + 68 Pac
[Pag, P{’] = (69,8 + 05J54) P;
(P4, PP = 6Pt

provided that (4.13) is true. The rest of the analysis is identical to the case of rank one.

5 Vector fields on SpH(2M)

5.1 Rank 1

To make the equations explicit in one or another coordinate system, a concrete realization
of the right Lie vector fields is needed. Straightforward computation in the local coordinates

ABB7 XAB7 CAB7 yA7 wa, U (51)

of SpH(2M|R) gives
0

0 0
E 4D E
Jap = —2A" 4 A BaXDE+2A (BCA)D(?AE —i-QCADCBEaCDE (5.2)
0
AB
=2
! Cap’
0 0
B _ _yC
JA = 2CAC@CBC .A AaAcB’
¢ =ppl (xma L O (ymy,xmay D (53)
A " dwg ou)’ '
0 0
B B
Jyg = —A"4 <8 5 +wB3u> —CaBJ”,
0
= 2—.
4 ou
5.2 Rank r

SpH,(2M) right vector fields consist of the Sp(2M) right vector fields (5.2) and r mutually

commutative copies of the vector fields (5.3)

0 0 0
C C DA DA
C D X X — 4
Jj D ( ayjA + dw; p + ( twja ) 8uj> ) (5.4)
Jix = —AP i—{—w' 9 —CanJF

JA = A 8ij ]Dauj AFJy

0
9 7
J] auj’
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where j=1,...,7.
Let us consider more closely the case of rank two, that will be used in section 7 to

construct Sp(2M) invariant current equations. Introducing
1
Jr=5(NEh), yr=yty, we=(wiw), ur=(utu),

we obtain from (5.4)

J.¢ =Dp° (awa_D + XDAaya_A - %YJ’% — %YD%> , (5.5)
Joa=-A",4 <3LD + ; D(?Zr + %erDaa) —CapJ-t,

Lol
1 =20 (Gt X R ) e
Jia=-AP, <6 aD + % +D% + ;w—Daa> —CapJy”,

Jy = 2%7

where Y:tD = yiD — wiAXDA .

6 BRST operator and unfolded equations

Let f be a function on SpH/PH, independent of the Clifford elements ¢ and b. Let Q be
the BRST-operator (4.1). Then the condition

Qf=0 (6.1)
implies
(JPa+ %5BA)f =0, (6.2)
JEPf =, (6.3)
(J - V)f =0, (64)
TR =0, (6.5)
(Jap — v Jadp)f =0. (6.6)
Substituting (5.2) and (5.3) into (6.2)—(6.5) we obtain

(—.A B—aACD + §5B> f=0, (6-7)

0
o, =0 (6.8)

0

<—2% + u> f=0, (6.9)

0 0 0
(%_FXBAay—B_F (—yA+wBXBA) %) f:()‘ (6'10)
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Note, that egs. (6.7)—(6.10), that correspond to the subgroup PH C SpH, are first order
differential equations with respect to A, C, u and w, respectively, thus, reconstructing the
dependence on the coordinates of PH. Hence we can set w =0, C =0 in (6.6).

Substituting (5.2), (5.3), (6.8) and (6.9) into (6.6) and taking into account (6.5) , we
obtain at w =0, C = 0 in local coordinates X, Y (2.16)

(2l 2 o

9XAB T3Y gya 8YB)f =0, (6.11)

which is eq. (1.1) at p = v

Since by virtue of (3.13) and (6.4) [J4,JP] = v6§, we set
v = —ih. (6.12)

(Note that the normalization of (1.9) results from (6.11) via the rescaling Y4 — ﬁYA.)

Since eq. (6.11) is of first order in X4B it reconstructs the dependence on X, i.e.,
solutions of (6.1) are parametrized by functions f(Y') on the twistor space.

General solution of (6.1) is

SIS

f =det(A)2 exp <11/ (u+ wBYB)> fo(Y]X), (6.13)

2

where fo(Y'|X) is any solution of (6.11).
Proceeding analogously with complex vector fields on SpH (2M|C), we obtain complex
unfolded equations

0 1, 0 0
—t V== =0. 6.14
(azAB+2V ayAayB)f ( )
As mentioned in section 2, a natural complexification of generalized space-time M
is the upper Fock-Siegel space CM x §,, C SpH(2M|C)/PH (2M|C). For Z = Z € Hy
eqs. (6.14) coincide with the field equations for massless fields in the Fock-Siegel space
obtained in [22] up to a coefficient in front of the second term.

7 Rank 2 BRST operator and current equations

sp(2M|R) invariant current equations introduced in [22] to formulate HS charge conserva-
tion in M s have the form

0 0
(W—F hW(AW>F:0. (7.1)

Let us explain how they result from the nonstandard BRST operator construction. Using
the rank » BRST-operator (4.12) for » = 2 one can write the current equations in the
coordinate independent SpH (2M) invariant form.

Setting 1 = v and vy = —v and using notations ¢+ = ¢; + ¢o and J4 = %(Jl + .Js)
we obtain

Qa|,_y = *B(JPa+6%4) + AP (Jap — 4 T a_B) + cap P + (7.2)
tepJp+ e (Jo —v) +epad M +e_ad A
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So, for a rank 2 field F(A,C, X, y+,ws,uy) independent of the Clifford elements ¢y and
b4, the condition

Q2F =0
implies
J.F =0, (7.3)
(J-—v)F =0, (7.4)
(JBA+6B)F =0, (7.5)
JAPF =0, (7.6)
JAF =0, (7.7)
J AR =0, (7.8)
(Jap —4v~ " J_(gJia)F =0. (7.9)
Substituting the expressions (5.2), (5.5) and (5.6) to (7.3)—(7.6) we obtain
0
—F =0 7.10
au+ Y ( )
0 1
0
c _ B\ _
<A A 5A>F 0, (7.12)
0
2 F=0. 7.13
9Cin (7.13)
By virtue of (7.13) we can set C = 0. So, using (7.10) we obtain from (7.7) and (7.8)
d 0 1
xPA Y P)F =0 7.14
<8w+D * 8y+A * 41/ > ’ ( )
0 ap O 1 A
X -vY," ) F=0. 1
(311)_,4 FXAP ST s JF=0 (7.15)

Since the equations (7.15), (7.14) reconstruct the dependence on w4, we can set wy = 0
in (7.9), whence by virtue of (7.13), (7.10), (5.5) and (5.6) we have

0 0 0
<—3XAB T —8Y+A))F —0. (7.16)
Setting
0 0
=Y Wi =—-5
oW T eyl
which substitution is analogous to the Fourier transform (1.17), we obtain from (7.16)
0 1 0
Analogously for the complex version of the vector fields (5.2), (5.5) and (5.6) we obtain
0 1 0
(82‘43 —2v W+(B W)F—O (718)

Up to notations and coefficients this gives the current equations (7.1).
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8 Unfolded dynamics and twistors

In this section we touch very briefly some general aspects of the analogy between the
unfolded dynamics approach and twistors.

Let M? be a d dimensional manifold with coordinates 2" (n = 0,1,...d — 1). By
unfolded formulation of a linear or nonlinear system of differential equations in M? we

mean its equivalent reformulation in the first-order form
dW®(z) = G (W (z)), (8.1)

0
where d = dw"m is the exterior differential on MY, W®(z) is a set of degree pg-
x

differential forms and GCI’(W) is some degree pg + 1 function of the differential forms W®
(o.0]
G*W)=> fPo, WA AW,
n=1

where the coefficients f‘bglmgn satisfy the (anti)symmetry condition fcbgl___gkgkﬂ___gn =

(—1)p9k+1p9k f‘I’leQkHkaQn (extension to the supersymmetric case with an additional
boson-fermion grading is straightforward) and G satisfies the condition

G2 (W)

Q
GHW) N g

=0 (8.2)
(the derivative BWLQ is left) equivalent to the generalized Jacobi identity on the struc-

ture coeflicients
m

Z(n + 1) eyt i S Bty =0, (8.3)
n=0
where the brackets [} denote appropriate (anti)symmetrization of indices ®;. Given solu-
tion of (8.3) it defines a free differential algebra [46, 47].

This method of describing dynamical systems was originally proposed in [5, 6] where it
was applied to the analysis of free and interacting massless gauge fields in four dimensional
anti-de Sitter space. The name unfolded formulation was given somewhat later [7]. The
method turned out to be very efficient and was further developed in a number of papers
(see e.g. [8, 21, 31, 48] for recent discussions).

Let us note that, to some extent, unfolded formulation is analogous to the Cartan pro-
longation approach with the important difference however that it is extended to dynamical
fields that are differential forms. This is crucial in several respects. In particular, in this ap-
proach geometry is described by differential forms via vielbein one form (ladder form) and
Lorentz connection. The same time, differential forms are gauge fields analogous to vector
potential in spin one Maxwell-Yang-Mills theory or vielbein in spin two gravity theory.
The presence of gauge fields is crucial for interacting (i.e., nonlinear) theories. In addition,
the exterior algebra formalism makes the unfolded equations coordinate independent and
manifestly gauge invariant (in the latter case provided that the system is universal [8, 31].
Note that in this case the unfolded system amounts [8, 29] to some L, algebra [49]).
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An important property of the unfolded dynamics is that, in the topologically trivial
situation, degrees of freedom are concentrated in zero-forms wé(:vo) at any x = zg. Thisis a
consequence of the Poincare’ lemma: the unfolded equations express all exterior derivatives
in terms of the values of fields themselves modulo exact forms that can be gauged away by
the gauge transformations. Locally, what is left is the “constant part” of the zero-forms.

This simple observation has a consequence that, to describe a system with an infinite
number of degrees of freedom like a massless field, it is necessary to work with an infinite
set of zero-forms that form an infinite dimensional module of the space-time symmetry g
(g = sp(8), su(2,2), iso(1,3) etc). In fact, the module carried by zero-forms turns out to be
dual (complex equivalent) to the space of single-particle states in the respective quantum
field theory [4] which is the theory of massless fields of all spins in the case of most interest
in this paper.

Usually, infinite sets of zero-forms are realized as a space of functions on some auxiliary
space T a la (1.6). Particular examples are provided by the “generalized Weyl tensors”
C(Y|X) or C(y,y|z) discussed in section 1. In the gauge theory of higher-spin fields they
describe gauge invariant field strengths built from gauge connection one-forms (for more
detail see [21] and references therein).

T is an analogue of the twistor space in twistor theory. The most important difference
with twistor theory is that, in the unfolded dynamics approach, the symmetry G is not
necessarily geometrically realized in T (i.e., by vector fields at the infinitesimal level).
Typically, T is realized as a Fock module where G acts via embedding into the Weyl
algebra of oscillators. In particular, G = Sp(8) acts just this way in T. This usually leads
to the appearance of operators nonlinear in the annihilation operators (i.e., aYLA in our
case) that act by higher-order differential operators hence driving us away from the usual
twistor setup.

In general, two types of models may appear upon unfolding. The effective type is
that where the forms W in the unfolded dynamics turn out to be unrestricted in the
twistor space T, or restricted by simple homogeneity conditions, eventually implying that
T is a projective space as is the case if one considers a field of definite spin like in the
standard twistor theory. The ineffective type is that where the 0-forms responsible for
local degrees of freedom are not arbitrary in an appropriate space T being themselves
described as solutions of differential conditions in T that may be as complicated as the
original field equations.

In the effective case the unfolded field equations map arbitrary functions on T to
solutions of the field equations on space-time M, thus describing a Penrose transform.
In the ineffective case, the unfolded field equations are still useful in many respects (in
particular for introducing nonlinear field interactions in a coordinate-independent way [50]),
but may be not particularly helpful for finding their explicit solutions.

There are two classes of models in higher-spin theory. The vector-like, that work in
any dimension [50] are ineffective in the sense that the structure of zero-forms is fairly
complicated requiring reductions and factorizations of ideals in certain noncommutative
spaces. For example, in [8] it was shown that, in the vector-like approach, Einstein and
Yang-Mills equations are unfolded in such a way that the corresponding zero-forms should
themselves satisfy the Einstein and Yang-Mills equations in T.
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The spinor-like (or twistor-like) models are effective, operating with zero-forms valued
in unrestricted spaces of spinor variables like Y4. So far, these models have been formulated
at the nonlinear level only in three and four space-time dimensions (see [9] and references
therein). However, as has been argued in [4, 10, 16] models of this class are likely to allow
extension to the Sp(2M) case considered in this paper and, as a result, to higher dimensions
including d = 6, 10, 11.

9 Conclusions

We hope that this paper sheds light on the relation between unfolded dynamics and twistor
theory. The unfolded formulation is somewhat less restrictive, which means of course that
some of the methods of twistor theory may not be directly extended to unfolded dynamics.
For example, we have shown that the twistor-like description of Sp(8) invariant field equa-
tions for massless fields requires a nontrivial extension of the standard twistor approach.
Interestingly enough, the current equation proposed in [22], which ensures the current
conservation in Sp(8) invariant field theories, belongs to the normal twistor case of first or-
der equations whose geometric meaning consists of the factorization of the correspondence
space to the twistor space.

The parallelism between unfolded dynamics and twistor theory goes far enough. In
particular, the unfolded dynamics approach effectively reformulates dynamical field equa-
tions in terms of g-modules where g is a Lie algebra where one-forms take their values (for
more detail see [8, 21, 31] and references therein). This definitely has a lot of similarity
with the general approach of [2]. In particular, dynamical content of unfolded equations
(independent fields, invariant differential operators, etc) is computed in terms of the so-
called o_ cohomology [30]. (For more detail see [4, 15, 31].) For example, the Sp(8)
invariant equations (1.4) and (1.5) were derived by this method in [4]. We expect that
o_ cohomology should be related to the sheaf cohomology in twistor theory. We hope to
analyze this and other questions on the interplay between unfolded dynamics and twistor
theory in the future.

Another interesting problem for the future is to establish a formal correspondence of
the proposed BRST construction with the unfolded equations which should in some sense
be dual to each other. In particular, the unfolded formulation is also globally defined once
left invariant forms on the corresponding group manifold SpH (2M) are given. The latter
however can be directly read of the Lie vector fields on SpH (2M). This suggests that
there should be a direct way to relate the two approaches. Hopefully, the BRST approach
proposed in [42, 44] may be useful in this respect.
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